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The two-dimensional steady problem of the diffraction of a plane hydro-
acoustic wave at the junction of two semi-infinite planes covering the
surface of a fluid was treated in [1]. In that paper the "general® solu-
tion of the problem was constructed (i.e. the solution irrespective of
the conditions at the junction of the plate), and that solution con-
tained four arbitrary constants.

The present paper considers a particular case of the aforementioned
problem of great interest. An infinitesimally thin crack is assumed to
separate the plates, and the elastic characteristics of both plates are
taken to be identical. In the first section the solution of the problem
will be described. The second section is devoted to the investigation
of the solution as kh - 0 (where k is the wave number in the fluid and
h is the thickness of the plates).

1. Formulation and solution of the problem. An infinite
horizontal elastic plate is divided into two identical parts by an in-
finitesimally thin rectilinear crack. The half-space below the plate is
occupied by an ideal compressible fluid. A plane monochromatic acoustic
wave originating in the depths of the fluid propagates normal to the
crack. We seek the diffraction field caused by this wave.

With an appropriate choice of coordinate axes (Fig. 1), this problem
is two-dimensional. It reduces to the determination of the function
U(x, y) (the acoustic potential), which is continuous up to the x-axis,
and which satisfies the Helmholtz equation

AU +8U =0  (co<ca< 4o, 0<y <+ o) (1.1)
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the boundary conditinns
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and the boundary-contact conditions

R (e, 1) AU (x, )

lim 2= i — ‘
xmin 9700y ’ \lj)mn 0x% du 0 (1.9)
The principle of maximum absorption must be Fig. 1.

fulfilled here for the difference U - U,, where
U, is the incident wave

Uy = A exp (inx — i VEE — x%), (% = — k c0s Go > 0) (1.4)

The angle of incidence ¢, is measured from the positive x-axis.

The notations

12— o 3 12(1 —a?) _ , k2
O = =5 poc” I » V= i

were introduced in conditions (1.2).

Here E is Young’s modulus, o is Poisson’s ratio, h is the thickness
of the plate, p, is the density of the plate material, p is the density
of the fluid and ¢ is the velocity of sound in the fluid.

We make use of the more general solution of this problem which was
deduced in [1] (for constants v and & different for x > 0 and x < 0, and
unspeci fied boundary-contact conditions (1.3)). For the case under con-

sideration we obtain
U= Uy U +W (1.5)

(r— &) ¥ hE — w v

A VI e i bAE—%7y) (1.6)

I, = 4

(€8]

W oL \ ahtt 002k b o (i 4 i VR — Ry) dh (1.7)
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where U  is the incident wave (see (1.4)), U1 is the reflected wave and
W the diffracted disturbance. The radical \J(k2 ~ A2) is considered to
be positive on the segment ( -k, k); the choice of its branch on the re-

maining portions of the path of integration is clear from Fig. 2, in
which the cuts are depicted by dashed lines, while the contour of
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integration is shown by a heavy solid line. The denominator of the inte-
grand in (1.7) has ten roots £ A, £ A,, ..., A, on a two-sheeted
Riemann surface (the notation for the roots has been changed from [1]).
The roots + Ay, + A, and £ A, are
located on t'.he main sheet of the
Riemann surface, the real roots be-
ing £ A;. We note that the integral
(1.7) is not improper at finite
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Fig. 2. Fig. 3.

points: the contour of integration avoids the points i Ay, as shown in
Fig. 2.

The constants a, b, ¢ and d are determined from the four boundary-
contact conditions (1.3). We represent these conditions in the follow-

ing form:

PW _ v YV kT — w2
020y y—y (A —8) VK — o — iv
x=10
Irw Zivid Y k= % (1.8)
0Y® 8y 1,0 w—8) Ykt — t—iv
x=10

We will now carry out the calculations for the first of relations
(1.8). The problem consists of passing to the limits y =0, x - + 0 in
that sequence in the expressions

W A °< W34 BAT 4 ch + d
| (M= 8) VT — R —

X (— M VIR — &%) exp (ihz + i VK> — N%) dA (1.9)

ozt oy~ 2mi

The first limiting process, y = 0, may be carried out immediately
under the integral sign; [l described how to treat the divergent inte-

gral arising in this process.

Considering x to be positive, we now deform the contour of
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integration into the loop I, surrounding the upper branch cut (Fig. 3).
Calculating the residues at the poles Ay Ay and A, which are crossed
in this process, we have

B’W
d0z? 9y

A { A3 - bA? A+ d —_—
\ ah’ - +ch + (_i}‘ﬁ]/kz——kz)e“‘dk—

ymo 2 N8 VR = Re— iv
x>0 Ty

4 2 ahgd + A2+ cA? + dA,
—1 Z 5}‘34 N 4;“32}‘2 — 3§
3=0

(;‘82 - k2)

The integral along the whole loop 'y is reduced to the integral along
only the right-hand side ," of the cut.

Since the degree of the algebraic expression in front of the ex-
ponential in the integrand is reduced by this means, then the second
limiting process, x = + 0, may be carried out under the integral

PW Ay e L i e i L —
0123y |, K3 g TP I =R —w VA —kdh —
x==40 +

3 oA A A A2+ dh,
— A —Ha e s

&=0

(he? — K2) (1.10)

The radical J(h2 — k%) is taken as positive on the segment (k, ©) of
the real axis.

The integral in (1.10) may be expressed in terms of elementary func-
tions. For this we reduce the integral along .’ to an integral along
the entire contour I, consisting of the two loops ', and I'_(see Fig. 3),
with the help of the equalities

g AL YRR —Rdh A S ALY AT d
ST —R) —v h (M=) (A — k) — 2
) \Fig r
i A YRR __1_\ MUY R A VAR g
o (A — B2 (AT — kB) — 2 2mi N (M= 8)F (AT — k%) — 2 %
Y

In the lower formula the logarithm is to be taken as positive for
values A & (k, ®).
It is clear that the integral along I may be replaced by the sum of

the residues of the integrand at the poles lying on the sheet of the
Riemann surface under consideration. As a result we obtain
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»W A S GAEAdh) (A2 — k) { [ s ( 1/ ] X
Jx2 3y 0 :?Z 5)1,"—4}482"3—6 In * 1+ 1-———) —1_2_.}:]:
x=10 8=0
(ahgt + A 2) (A2 — k?)
2 2 5h,t — 4A %K — §

8$=0

(1.11)

Here and everywhere in the following equations the choice of the
logarithm is fixed by the requirements

0<Beln[ <1+]/1 ”
0<Imln[ (1+]/1 A }<2n

Two signs are given in expression (1.11). The upper sign corresponds
to calculations carried out for x — + 0. The lower sign corresponds to
the case x -~ - 0, and this result is obtained from (1.9) by replacing
A by - A,

Now it is clear that the first two equalities of system (1.8) may be
simplified by termwise subtraction and addition. The second pair of
equalities of this system are transformed in a similar manner. Thus the
system of equations for a, b, ¢ and d takes the form

L@t AN A=K g
ShAt — 4hPET— B

$=0

* (ah® + A2 (A2 — kY . n
D oy {1 [ (1+1/1—F }_‘T}Z

=0

2nvid YV kT — %2
w—8) VI — n—

t(BAS - AL (M2 — kY
Sht —4A kT — b

$ OO [ 149/i=E) ] - i) -

$=0

—0 (1.12)

2nvne YV kT — %2
w—8) Vit —x—iv

The formulas (1.4), (1.5), (1.6), (1.7) and (1.12) give the solution
of the formulated problem.

System (1.12) may be easily solved numerically for given values of
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the physical parameters E, o, p, Pg» h and k. The roots of the equation
(Ar — 82 (A2 — k%) —v2 =0 (1.13)

required for these calculations may be tabulated. Such calculations
were carried out under the direction of V.Iu. Zavadskii in the Institute
of Acoustics of the Academy of Sciences, USSR.

Some equalities which are not tied to a particular choice of para-
meters will be deduced below.

2. Asymptotic investigation of the solution. The problem
under consideration pertains to small wave numbers. In order to simulate
an elastic layer by an infinitesimally thin plate, we must assume that
kh << 1. Thus kh is a small dimensionless parameter of the problem. We
study the behavior of the diffraction field as kh - 0.

We introduce the dimensionless variables € = z/h, n = y/h, u = Ah
and transform equalities (1.7), (1.12) and (1.13), which specify the
diffraction field, into the following form:

_ _A_ ° aopS+ bop? -+ cop + do . . ’?é—h-t-‘i du (2.1
W= 2w _Xw (¢ — Bok2h3) ¥V KBhT — 3 — ivok?h? exp (g + 1V wi) dps (2.1)

2‘ (ot + co?) (02 — k%%
5“’8‘ J— 4}1.52[1'3 h2 _— aokﬁhz

=0
¢ ol‘s“‘ + opt,”) (it,* — K°R?) [ ( l/ T kA2 ):l . n } .
2 -—4p,‘2kih’ 8ok3h? {] 1+ 1— e J 7
. 271vp cos® o sin @ (kR)*
7 (k®h3 cost o — Bokh) sin go — ivo
4 2 2 352
(bop‘g‘ + dol‘,’) (p's — k?h ) .
Z 5p,8 — 4p 2khi — Bok?h? - (22)
8=0
SR e 3 () R )4
Z S8 — 4p, KT8 — Bokh? In 1+ )
8=0

_ 27vo cos? o Sin Qo (kR)®
T (k®h3 cos? o — Bo kh) sin Qo — ivo

(1t — BhTHA)? (2 — K%)= v Pkt (2.3)

The subscript 0 refers here to the new (dimensionless) physical para-
meters corresponding to the old unsubscripted parameters. The parameters
§, and v, are obtained from 5 and v by eliminating their dependence on
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20 -5,

—6(1‘_6)%2'r Vo = L

R s
! 200 (1 + 3)

Here c, is the velocity of transverse waves in the plate material.

c?=6(1— G)st;

Using (2.3) and (2.4), we may expand the unknowns ay, b,, ¢, and d,
in Taylor series in certain fractional powers of the parameter kh. Be-
low we will restrict ourselves to only the first terms of such expan-
sions. With the change of variables

ue = M, (kh)"
equation (2.3) reduces to the equation
[M34 _ (50 (kh):/°]2 lx‘W." _ (kk)'/'] — voz

the roots M_ of which may be easily found by a Taylor expansion in
powers of (kh)2/5.

In subsequent calculations appear the expansions for p_, as well as
for certain simple functions of u_. We cite for example only the repre-
sentation most frequently encountered

M32 — Vo'/‘[ smis (kh) ‘s + X 4y s Y?/s (kh)./‘ —

_— ie—“/ nis

25

)™

The expansion is carried out to the fourth term, since in certain
operations cancellation of the preceding terms occurs. We note in pass-
ing that as kh = 0, the roots of equation (2.3) are asymptotically
situated at the vertices of a regular pentagon with center at the origin

Us = Vose~ s (kh) s

The calculations lead to the following expressions for the constants:

ap = 5 (et — 1) ERIRD (i)™ (4 4 0 1))

0"

by = — 5 (@ — 1) CTIENI ()" (4 4 0 [(kh)")

T T e e GO R A (COR)
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do _ —525(6%'1‘ _ 1) @ﬁvipw (A/)%{i + 0 | (}Ch) 5]}
0

The basic components of the diffraction field W are cylindrical and
surface waves. The cylindrical wave ¥ is determined by the method of
stationary phase

ik
W():V(qD)ﬁ_'.r_ (z=rcosq, y=rsin Q) (2.4)
54 3/, T 2 i 2 i ]
V@)= g e e __1)0_%_%8/_:9&(\ cos? q>+125v Vsing (k)"

In the above spirit, only the leading term in the expansion with re-
spect to the parameter (kh)2/% will be retained in the present calcula-
tions. It is clear from formula (2.5) that a diagram of the direction-
ality of the cylindrical wave consists of two petals. Maximum radiation
is observed for the angles ¢, and o,

28¢° \'2
Py = sin™ ( +275W> , Q=7 —Q

We note that the positions of these maxima are independent of the
direction ¢, of the incident wave. The intensity of radiation in the
vertical direction is very small, and the cylindrical waves do not pro-
pagate at all in either of the horizontal directions. For the energy

transmitted by the wave in unit time

\V(q> 2 dg

0

II,

the calculations give

(1 —cos )4”“"52@0’15‘"2‘?" [1+1§§°v32+2( ) Ty (2.5)

1o
Ut

|

n():,)

[

or

4 in? .
o pc c0s? o Sin? go (kh) A

IIO~~(1 ——cosi n) A o

5

The direct and reverse surface waves W, and W_ are calculated by
taking the residues of the integrand at A = 1 A, (0 =1 uy)

W,.=A l(i——/——é) cos? ¢, sin @, exp[i—i?h;y— Vo'ls (lch)'/‘] (2.6)
Vo
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The energy carried by each of them is

49 (1 —cos?¥s m) pe cost g sin? @ s,
N, =4 EYIC 0 0(kh) 2.7

which is considerably greater than the energy transported by the
cylindrical wave.

The process of propagation of surface waves in the fluid is accom-
panied by vibrations in the elastic layer covering the fluid. The energy
T,' transported in the direction of increasing x per unit time through
the layer by this process may be calculated by means of the expression

L =ori—s

h*E 1 (6W+" FW,  FW. 63W+)
dy Jdr%dy dx gy dx®dy

v=0

where W,* denotes the complex conjugate of W,. It turns out to be equal
to four times the amount of energy transported through the fluid in the
same direction, 1i.e.

Hi, = 4Ht (2.8)

We denote by j the amount of energy of the incident wave U, which
falls on a unit length in the horizontal direction

j = 4252 sin g (2.9)

We introduce the quantity A, equal to the ratio of the total rate of
energy flow in diffraction from the crack to the quantity j. The quantity
A, which has the units of length, will be called the effective diameter
of the crack

A =10 (1 — cos & ) CERERD (" (2.10)
Vo '®

It is clear from the formula that the diameter of the crack is small
in comparison with the thickness of the plate. Thus the effect of
scattering at the crack will be a weak effect and will not be accom-
panied by any significant expenditure of energy.
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